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Abstract
A digraph D is primitive if, for some positive integer r, there is a u! v walk of length r
for every pair u; v of vertices of D. The minimum such r is called the exponent of D, denoted
exp(D). We prove that if a primitive digraph D of order n is an Abelian Cayley digraph with
degree k>4, then
exp(D)6max

5;
n
dk=2e − 1

:
If we assume only that the primitive digraph D is vertex-transitive, then we are able to prove
that
exp(D)6
ln
k
mln
k
m
+ 1

:
Finally, we make a conjecture on the exponents of all regular primitive digraphs. c© 2000
Elsevier Science B.V. All rights reserved.
Keywords: Primitive digraph; Exponent; Cayley digraph; Vertex-transitive digraph; Regular
digraph
1. Introduction and preliminaries
Let D = (V; E) denote a digraph with vertex set V , and arc set E. For each u 2 V ,
we let d+(u) = jfv : (u; v) 2 Egj, the out-degree of u, and d−(u) = jfv : (v; u) 2 Egj,
the in-degree of u. These parameters count the loop (u; u) if (u; u) 2 E. We say that
D is simple if it has no loops. We say that D= (V; E) is regular if d+(u)= d−(v) for
all u; v 2 V . Throughout the paper, n will always denote the number of vertices (or
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order) of a digraph, and k will always denote the common (in- or out-) degree in a
regular digraph (including a loop, if present).
Taking the minimum of an empty set to be innite, some standard parameters for
D = (V; E) may be dened as follows. The diameter, diam(D), is the minimum r for
which there is a u! v walk of length at most r for all u; v 2 V . The exponent, exp(D),
is the minimum r for which there is a u! v walk of length exactly r for all u; v 2 V .
The girth, g(D), is the minimum r for which there is a directed cycle of length r. If
diam(D) is nite, D is said to be strongly connected; if exp(D) is nite, D is called
primitive. The digraph D is simple if and only if g(D)>2.
A number of parameters of D may be dened in terms of the associated n  n
adjacency matrix M =M (D), where we regard M as a member of Bn, the set of all
nn Boolean matrices with entries from the Boolean algebra B=f0; 1g. For example,
it is customary to dene exp(M), the exponent of M , to be the minimum r for which
Mr = J , the matrix with all entries 1, and to say that a matrix M 2 Bn is primitive if
exp(M) is nite. Since exp(M) = exp(D), this agrees with our denition above.
The sequence of powers M 0 = I; M;M 2; : : : is a nite subsemigroup hM i of Bn. Thus
there is a least non-negative integer c= c(M) such that Mc=Mc+l for some l>1, and
a least positive integer p = p(M) such that Mc =Mc+p. The integers c = c(M) and
p = p(M) are called the index of convergence of M and the period of convergence
of M , respectively. It is easy to see that hM i= fM 0; M 1; : : : ; Mc+p−1g is a semigroup
of order c + p and that fMc;Mc+1; : : : ; Mc+p−1g is a cyclic group with identity Ml,
where l is the unique integer between c and c + p − 1 such that l  0 (modp). The
index of maximum density of M is the least positive integer h = h(M) such that the
number of 1's in Mh is maximized over all powers of M . The number of 1's in Mh
is called the maximum density, (M). For a digraph D with adjacency matrix M , we
dene p(D) = p(M); c(D) = c(M); h(D) = h(M) and (D) = (M).
Let G be a multiplicative group with identity element e, and let A= fa1; : : : ; akg be
a subset of G. The (right) Cayley digraph is the digraph Cay(G; A) = (V; E) where
V = G and E = f(x; y) : x−1y 2 Ag. Thus Cay(G; A) is regular of degree k = jAj. In
fact, every Cayley digraph is vertex-transitive: for each pair u; v of vertices there is
an automorphism of the digraph that takes u to v.
For r a positive integer, let Ar denote the set of all products of r (not necessarily
distinct) elements chosen from A. Then the diameter of Cay(G; A) is the minimum
r such that (A [ feg)r = G; the exponent of Cay(G; A) is the minimum r such that
Ar =G; and, the girth of Cay(G; A) is the minimum r such that e 2 Ar . Consequently,
diam(Cay(G; A))=diam(Cay(G; A[feg))=exp(Cay(G; A[feg)). Thus, if e 2 A, then
Cay(G; A) is primitive if and only if it is strongly connected. Also, Cay(G; A) is simple
if and only if e 62 A.
Throughout the paper, we will always assume that G is an Abelian group of order
n, and that A = fa1; a2; : : : ; akgG. We also let A1 = fa−11 ai : 26i6kg, throughout.
Thus Cay(G; A) will always be an Abelian Cayley digraph of order n and degree
k = jAj, and Cay(G; A1) a simple Abelian Cayley digraph of order n and degree
k − 1 = jA1j.
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2. Exponents of Abelian Cayley digraphs
Huang [7] studied circulant matrices. They are the adjacency matrices of the digraphs
Cay(Zn; A) where Zn is a cyclic group of order n. The following theorem extends some
of his results to adjacency matrices of Abelian Cayley digraphs, Cay(G; A).
Theorem 1. Let G0 = hAi be the subgroup of G generated by A; and let G1 = hA1i;
the subgroup of G0 generated by A1. Then
(1) Cay(G; A) is strongly connected if and only if G = G0.
(2) Cay(G; A) is primitive if and only if Cay(G; A1) is strongly connected (G=G1).
(3) exp(Cay(G; A)) = diam(Cay(G; A1)).
(4) p(Cay(G; A)) = jG0j=jG1j.
(5) c(Cay(G; A)) = h(Cay(G; A)) = diam(Cay(G1; A1)).
(6) (Cay(G; A)) = jGjjG1j.
Proof. Statement (1) is well-known and true even if G is not Abelian. Statement (2)
follows from (3). The proofs of (4){(6) are similar to those in [7]. We only give the
proof of (3), as we will use it later.
Since Cay(G; A) is vertex transitive, exp(Cay(G; A))6r if and only if, for each
g 2 G; ar1g is the product of exactly r elements of A. Since G is Abelian, this will be
the case if and only if each g 2 Gnfeg is the product of r or fewer elements of A1;
that is, if and only if diam(Cay(G; A1))6r.
Before stating a result of Hamidoune [6] on the diameter of a Cayley digraph, we
require some denitions. The lexicographic product D ⊗ D0 of a digraph D = (V; E)
with a digraph D0 = (V 0; E0) is the digraph with vertex set V  V 0 and arc set
f((x1; y1); (x2; y2)) : (x1; x2) 2 Eg [ f((x; y1); (x; y2)): x 2 V; (y1; y2) 2 E0g:
Each digraph fxg  D0; x 2 V is called a copy of D0. The lexicographic product of
Cayley digraphs is also a Cayley digraph:
Cay(G; A)⊗ Cay(G0; A0) = Cay(G  G0; (A G0) [ (feg  A0)):
If the complete symmetric digraph of order n is denoted by Kn and the directed cycle
of order n by Cn, then Kn=Cay(Zn; Znnf0g) and Cn=Cay(Zn; f1g). Thus, Cs⊗Kn is an
Abelian Cayley digraph. A 1-factor of a digraph D= (V; E) is a 1-regular subdigraph
with the same vertex set V . By a faithful 1-factor of Cs⊗Kn, we mean a 1-factor whose
directed cycles all have the same length and which also obey one of the following
properties:
(1) Each directed cycle of the 1-factor has all of its vertices in some copy of Kn.
(2) Each directed cycle of the 1-factor has precisely one vertex in each copy
of Kn.
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Lemma 1 ([6, Theorems 5:3 and 5:5]). Let D be a simple; strongly connected vertex-
transitive digraph with degree k>3 and diameter d>5. Then
n>(d+ 1)(1 + bk=2c):
If d>6 and D=Cay(G; A); then equality is attained if and only if one of the following
two conditions holds:
(1) k is odd and Cay(G; A) is isomorphic to Cd+1 ⊗ K(k+1)=2.
(2) k is even and Cay(G; A) is isomorphic to a digraph obtained from Cd+1 ⊗
K(k+2)=2 by deleting a faithful 1-factor.
This immediately implies an upper bound on the exponent of an Abelian Cayley
digraph with k>4. The cases where k = 2 or 3 will be considered later.
Corollary 1. Let Cay(G; A) be primitive with degree k>4. Then
exp(Cay(G; A))6max

5;
n
dk=2e − 1

:
If also exp(Cay(G; A))>6; then exp(Cay(G; A))6n=dk=2e − 1; and equality holds
if and only if Cay(G; A1) is isomorphic to one of the two kinds of digraphs in
Lemma 1.
Proof. Because Cay(G; A1) is simple and (k − 1)-regular, by Theorem 1 (3) and
Lemma 1, we see that if exp(Cay(G; A))>5, then
exp(Cay(G; A)) = diam(Cay(G; A1))6
n
1 + b(k − 1)=2c − 1 =
n
dk=2e − 1:
Moreover, if exp(Cay(G; A))>6, then the equality holds if and only if Cay(G; A1) is
isomorphic to one of the two kinds of digraphs in Lemma 1.
For subsets B; C of a multiplicative Abelian group G of order n, let BC=fbc: b 2 B
and c 2 Cg. Using some theorems on jBCj, the cardinality of BC, we will establish
an upper bound on the exponent of Cay(G; A) that is stronger than that in Corollary 1
when the girth g1 of Cay(G; A1) is at least 3.
Lemma 2 ([8, Theorem 1.1]). If B and C are subsets of an Abelian group G; then
either BC = G or jGj>jBj+ jCj.
Lemma 3 ([8, Theorem 1.5]). If B and C are subsets of an Abelian group G; then
there is a subgroup H of G such that
BCH = BC and jBCj>jBH j+ jCH j − jH j:
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Theorem 2. If Cay(G; A) is simple and strongly connected with girth g; then
diam(Cay(G; A))6

(g− 1)(n− (g− 1)k − 2)
d(g− 1)((g− 1)k + 1)=ge

+ g6

g(n− 1)
(g− 1)k + 1

:
Proof. Since Cay(G; A) is simple, e =2A and g>2. Let B = feg [ A. By Lemma 3,
for each i, where 26i6g − 1, there is a subgroup Hi of G such that BiHi = Bi and
jBj>jBi−1Hij+ jBHij− jHij. If e 6= x2Bi−1 and x−1 2B for some x2G, then e=xx−1
is the product of i or fewer (not necessarily distinct) elements of A and so g6i,
a contradiction. Thus, if e 6= x2Hi \ Bi−1, then x−1 2HinB, and so jHinBj>jHi \
Bi−1j − 1. If e2 S G, then jSHij = jHij + j(SnHi)Hij>jS [ Hij. Consequently, for
26i6g−1; jBj>jBi−1Hij+ jBHij−jHij>(jBi−1j+ jHij−jHi\Bi−1j)+(jBj+ jHinBj)−
jHij>jBi−1j+ k. Therefore,
n= jGj>jBq−1j>(g− 1)k + 1:
This implies the second inequality in Theorem 2 (even if n− (g− 1)k − 2 =−1). Let
d= diam(Cay(G; A)). Each arc is on a cycle of length at most d+ 1, so d>g− 1.
If d = g − 1, then Theorem 2 is trivial. Suppose then that d>g and let C = Bg−1.
Then C 6= G, so we may assume that Ct 6= G for some t>1. By Lemma 3 there
exists a subgroup Ht of G such that CtHt = Ct and jCt j>jCt−1Ht j + jCHt j − jHt j,
where Ct−1 = feg if t = 1. Since B is a generating subset of G, the set of equiv-
alence classes B = fbHt : b2Bg is a generating subset of the quotient group G=Ht .
Therefore j Bij>j Bi−1j + 1 if Bi−1 6= G=Ht . Thus, j Bg−1j>g since j Bj>2. Therefore,
jCHt j= j Bg−1jjHt j>gjHt j. Also jCt j>jCt−1Ht j+ jCHt j − jHt j>jCt−1Ht j+ (g− 1)jHt j.
Taking a convex combination of the last two expressions to eliminate jHt j, we get
jCt j>jCt−1Ht j + (g − 1)=gjCHt j>jCt−1j + (g − 1)=gjCj. Consequently, jCt j>jCj +
(t − 1)d(g− 1)=gjCje where jCj>(g− 1)k + 1.
Let d= (g− 1)d1 + d2, where 16d1 and 06d26g− 2.
Case 1: d2 6= 0. Since Cd1Bd2−1 = Bd−1 6= G, by Lemma 2, n − (d2 − 1)k − 1>
n− jBd2−1j>jCd1 j>(g− 1)k + 1 + (d1 − 1)d(1=g)(g− 1)((g− 1)k + 1)e. Therefore
d = (g− 1)d1 + d26(g− 1)

1 +
n− (g− 1)k − (d2 − 1)k − 2
d(g− 1)((g− 1)k + 1)=ge

+ d2
6
(g− 1)(n− (g− 1)k − 2)
d(g− 1)((g− 1)k + 1)=ge + g:
Case 2: d2 = 0. Then d1>2 as d>g. Similarly, since Cd1−1Bg−2 = Bd−1 6= G,
by Lemma 2, n− (g− 2)k − 1>n− jBg−2j>jCd1−1j>(g− 1)k +1+ (d1 − 2)d(g− 1)
((g− 1)k + 1)=ge. Therefore
d = (g− 1)d16(g− 1)

n− (2g− 3)k − 2
d(g− 1)((g− 1)k + 1)=ge + 2

6
(g− 1)(n− (g− 1)k − 2)
d(g− 1)((g− 1)k + 1)=ge + g:
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Corollary 2. If Cay(G; A) is primitive with degree k then
exp(Cay(G; A))6

(g1 − 1)(n− (g1 − 1)(k − 1)− 2)
d(g1 − 1)((g1 − 1)(k − 1) + 1)=g1e

+ g1
6

g1(n− 1)
(g1 − 1)(k − 1) + 1

where g1 is the girth of Cay(G; A1).
Proof. This is a direct consequence of Theorems 1(3) and 2.
Remark. In the proof of Theorem 2, we observed that n>(g − 1)k + 1. This is
equivalent to g6dn=ke. Hamidoune [3] has shown that this inequality holds for all
vertex-transitive digraphs (Lemma 5).
For a primitive Abelian Cayley digraph Cay(G; A) with degree k=2, by Theorem 1
(or Corollary 2) one can easily see that exp(Cay(G; A)) = diam(Cay(G; A1)) = n − 1.
Also Corollary 1 examines exp(Cay(G; A)) when k>4. Our next theorem considers
the remaining case, k = 3.
Theorem 3. If Cay(G; A) is primitive with degree 3; then
exp(Cay(G; A))6
jn
2
k
:
Here A= fa1; a2; a3gG. Let H1 = ha−11 a2i and H2 = ha−11 a3i. If n> 9; then equality
is attained if and only if one of the following four conditons holds:
(1) G = H1 and a−11 a3 = (a
−1
1 a2)
t ; where t = 2; n=2 or bn=2c+ 1.
(2) G = H2 and a−11 a2 = (a
−1
1 a3)
t ; where t = 2; n=2 or bn=2c+ 1.
(3) G = hA1i; n is even and (jH1j; jH2j) = (2; n=2) or (n=2; 2).
(4) G = hA1i; n  0 (mod 4); jH1j= jH2j= n=2 and a22 = a23.
Proof. By Corollary 2, exp(Cay(G; A))6b(g−1)(n−2g)=d(g−1)(2g−1)=gec+g=bn=2c.
Now suppose exp(Cay(G; A))=bn=2c. Then diam(Cay(G; A1))=bn=2c by Theorem 1.
If H1 = G or H2 = G, then G is cyclic and the adjacency matrix of Cay(G; A) is a
circulant. Thus, by Huang's result [7, Theorem 3.1], condition (1) or (2) holds.
If H1 6= G and H2 6= G; then G=
S r−1
i=0 (a
−1
1 a3)
iH1, where r= n=jH1j. Thus for each
g2G; g= (a−11 a3)i(a−11 a2) j for some 06i6r − 1 and 06j6jH1j − 1. Therefore,
bn=2c= diam(Cay(G; A1))6n=jH1j+ jH1j − 2:
Because jH1j divides n, if n is odd then 36jH1j6n=3. But then bn=2c6n=3 + 1,
implying that n69, a contradiction. Thus n is even and jH1j = 2 or n=2. Similarly,
jH2j= 2 or n=2. Thus, either condition (3) holds or jH1j= jH2j= n=2.
Suppose jH1j= jH2j= n=2. Then for each g2G; g 6= (a−11 a3)(a−11 a2)n=2−1, we have
g = (a−11 a3)
i(a−11 a2)
j for some i; j where 06i61; 06j6n=2 − 1 and so
i + j6n=2 − 1. Since diam(Cay(G; A1)) = n=2, it follows that (a−11 a3)(a−11 a2)n=2−1 is
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the only element of G at a directed distance of n=2 from e. Since a similar argument
holds for (a−11 a2)(a
−1
1 a3)
n=2−1, we have (a−11 a3)(a
−1
1 a2)
n=2−1 = (a−11 a2)(a
−1
1 a3)
n=2−1.
Thus, a22 = a
2
3. Since H1 6= H2; jH1 \ H2j6 12 jH1j. But jH1 \ H2j contains at least half
the elements of H1 because (a−11 a2)
2 = (a−11 a3)
2. Therefore jH1 \ H2j = 12 jH1j = n=4.
Thus condition (4) holds.
On the other hand, it is easy to check that each of the four conditions is sucient
for equality.
3. Exponents of vertex-transitive digraphs
In this section, we consider vertex-transitive digraphs. Such digraphs must always be
regular. As before, we assume that k always denotes the common (in- or out-) degree
of a regular digraph.
Much has been done on the connectivity and diameter of vertex-transitive digraphs
in a series of papers by Hamidoune. We rst dene an atom, a helpful notion for
examining the strong connectivity of digraphs. We refer the reader to Hamidoune [3,4]
and Watkins [16] for more details.
Let D=(V; E) be a strongly connected digraph, let T be a subset of V , and let DVnT
be the subdigraph of D spanned by VnT . The subset T is said to be a cutset of D
if DVnT is not strongly connected. The digraph D is said to be strongly h-connected
(h>1) if jV j>h+1 and DVnS is strongly connected for every S V such that jSj<h.
The strong vertex connectivity of D is (D) = maxfh:D is strongly h-connectedg. If
D 6= Kn, then (D) is the minimum cardinality of a cutset of D. Let  +(A) =
fy : (x; y)2E for some x2Ag, the set of vertices incident from a subset A of V .
A subset F such that (D) = j +(F)nF j and F [  +(F) is a proper subset of V
is called a positive fragment. A negative fragment of D is a positive fragment of
D−1 = (V; E−1), where E−1 = f(x; y) : (y; x)2Eg. A positive (resp. negative) fragment
of minimum cardinality among all the positive and negative fragments is said to be a
positive (resp. negative) atom.
The following lemma relates the diameter and the strong vertex connectivity in a
strongly connected digraph.
Lemma 4 ([3, Lemma 6.1]). Let D = (V; E) be a simple strongly connected digraph
of order n; diameter d>2 and strong vertex connectivity . Then
n>(d− 3) + r+ + r− + 2
where r+ (resp. r−) is the minimum out-degree (resp. in-degree) of D.
Bounding the girth of a regular digraph has been a problem of interest for some
time. Behzad et al. [1] conjectured that the girth of a simple k-regular digraph of order
n is at most dn=ke. (For more details, we refer the reader to Hamidoune [5], Behzad [1]
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and references therein.) Here we just note that the conjecture is true for vertex-transitive
digraphs.
Lemma 5 (Hamidoune [3]). If D is a vertex-transitive digraph; then
g(D)6dn=ke:
In [4], Hamidoune proved that if D is a simple strongly connected vertex-transitive
digraph, then D is strongly (bk=2c+ 1)-connected. If, in addition, D is anti-symmetric
(i.e., if g(D)>3) then D is strongly (b2k=3c+1)-connected. The following theorem is
an extension of these two results.
Theorem 4. If D is a strongly connected vertex-transitive digraph of girth g; then
(D)>

(g− 1)k
g

+ 1:
Proof. We may assume that g>2. By replacing D by D−1 if necessary, we may also
assume that D has a positive atom A. Let DA be the subdigraph of D induced by A.
By [3, Theorem 3:1], DA is vertex-transitive with degree d+(DA), say. By Lemma 5,
g6djAj=d+(DA)e, i.e., d+(DA)6(jAj−1)=(g−1). Let x2A. Then k=d+(x)6d+(DA)+
jV+(A)j, where V+(A) =  +(A)nA. We also know that jV+(A)j=  by the denition
of atom, and that jAj6 by [3, Theorem 3:2]. Therefore k6( − 1)=(g − 1) +  =
(g − 1)=(g− 1), i.e., >d((g− 1)k + 1)=ge= b(g− 1)k=gc+ 1.
Theorem 2 gave a bound on the diameter of a simple strongly connected digraph
D = Cay(G; A) in terms of its degree k and girth g. The following Corollary gives a
bound if D is in the larger class of vertex-transitive digraphs. The bound is weaker
than that in Theorem 2 when g>3.
Corollary 3. If D is a simple strongly connected vertex-transitive digraph of girth g;
then
diam(D)6max

2;

n− 2k − 2
b(g− 1)k=gc+ 1

+ 3

:
Proof. If n−2k−2< 0, then d=diam(D)62 and the inequality holds. If n−2k−2>0,
then by Theorem 4 and Lemma 4, d6b(n − r+ − r− − 2)=c + 36b(n − 2k − 2)=
(b(g− 1)k=gc+ 1)c+ 3.
Corollary 4. Let D be a simple strongly connected vertex-transitive digraph. If D
has maximum girth g= dn=ke; thenln
k
m
− 16diam(D)6
ln
k
m
+ 1:
Moreover; if n>k2 − k + 1; then diam(D) = b(n− 1)=kc or d(n− 1)=ke.
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Proof. If n− 2k − 2< 0, then d= diam(D)62 and the inequalities hold.
If n − 2k − 2>0, then by Corollary 3, b(n − 1)=kc = dn=ke − 1 = g − 16d6
b(n− 2k − 2)=b((g− 1)k=gc+ 1)c+ 36g(n− 2k − 2)=(g− 1)k + 3<g+ 2. Therefore
dn=ke − 16d6dn=ke+ 1.
If n>k2− k +1, then k6bn=kc= g and so d6b(n− 2k − 2)=(k −dk=ge+1)c+3=
b(n− 2)=kc+ 1 = d(n− 1)=ke. Thus, d= b(n− 1)=kc or d(n− 1)=ke.
Theorem 5. If D is a simple primitive vertex-transitive digraph of girth g; then
exp(D)6

n− 2k − 2
b(g− 1)k=gc+ 1

g+ 3g:
Proof. If n62k−1, then  +fug\ −fvg 6= ; for all vertices u and v, so exp(D)=2=g
and the inequality holds.
Suppose now that n>2k. Then in the bound in Corollary 3, b(n − 2k − 2)=
(b(g − 1)k=gc + 1)c + 3>2. Since D is vertex-transitive, each vertex lies on a cycle
of length g. Using [11, Theorem 3:1], it is easy to prove that exp(D)6g diam(D), so
the result follows from Corollary 3.
Corollary 5. If D is a primitive vertex-transitive digraph; then
exp(D)6
ln
k
mln
k
m
+ 1

:
Moreover; if n>k2 − k + 1; then exp(D)6dn=ke2.
Proof. As in the proof of Theorem 5, we may suppose that n>2k. Let d be the
diameter of D, and let g be the girth of D.
If g = 1, then exp(D) = d. Let D0 denote the digraph obtained by deleting the
loops in D. Then D0 is a vertex-transitive digraph with diameter d= diam(D), degree
k − 1 and girth g0>2. Thus by Corollary 3, exp(D) = diam(D0)6(n− 2(k − 1)− 2)=
(b(g0 − 1)(k − 1)=g0c+ 1) + 36(n− 2k)=(b(k − 1)=2c+ 1) + 362n=k − 1.
Now suppose g>2. By Lemma 5, g6dn=ke. By [11, Theorem 3:1], exp(D)6gd.
If g=dn=ke, then by Corollary 4, exp(D)6gd6g(g+1); moreover, if n>k2−k+1,
then exp(D)6gd6dn=ked(n− 1)=ke.
If g=dn=ke−1, then by Corollary 3, d6(n−2k−2)=(b(g−1)k=gc+1)+3<g+3.
Thus exp(D)6gd6g(g+ 2) = dn=ke2 − 1.
If g6dn=ke− 2, then n>3k +1. Let f(g)= g2(n− 2k − 2)=(g− 1)k +3g. It is easy
to prove that exp(D)6f(g)6f(dn=ke − 2)< dn=ke2 − 1.
4. Further research and open problem
Corollary 5 encourages us to consider the larger class of primitive k-regular digraphs,
i.e., the primitive digraphs for which every vertex has in-degree and out-degree k.
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Some ideas in this section come from Neufeld [9]. We rst state several results from
the literature.
Lemma 6 (Nishimura [10]). Let D be a digraph such that each vertex of D has
out-degree at least k>2. Then D has a directed cycle of length at most n=k + 304.
Lemma 7 (Chvatal and Szemeredi [2]). If D satises the conditions of Lemma 6;
then D has a directed cycle of length at most 2n=(k + 1).
Lemma 8 (Soares [15]). A simple strongly connected k-regular digraph has diameter
at most (3n− k − 3)=(k + 1).
Lemma 9 (Shen [12,13]). If D is a primitive digraph with girth g and diameter d;
then
exp(D)6g(d− 1) + d+ 1:
The following theorem is a direct consequence of Lemmas 6{9.
Theorem 6. If D is a simple primitive k-regular digraph; then
exp(D)6
2n(3n− 2k − 4)
(k + 1)2
+
3n− 2
k + 1
;
exp(D)6
n
k
+ 304
 3n− 2k − 4
k + 1
+
3n− 2
k + 1
:
The upper bound for the exponent of a primitive k-regular digraph in Theorem 6 is
roughly 6n2=k2, or 3n2=k2 when n is suciently large. It seems that this bound cannot
be attained. The BCW conjecture [1] asserts that every k-regular digraph D has girth
at most dn=ke. Generally speaking, if D has large girth, then exp(D) is large. When the
girth of D increases to dn=ke, the diameter of D seems to decrease roughly to dn=ke.
Therefore by Lemma 9, we strongly believe that the exponent of D is bounded roughly
by dn=ke2. We propose the following conjecture.
Conjecture 1. If D is a primitive k-regular digraph of order n, then
exp(D)6
jn
k
k2
+ 1:
As evidence in support of it, Shen [14] proved the conjecture for k = 2 recently.
In order to settle Conjecture 1 completely, we believe that rst of all a good upper
bound on the girth g of all k-regular digraphs should be found so that one can use
Lemma 9. In particular, we strongly believe that the proof of the Behzad{Chartrand{
Wall conjecture [1] mentioned in Section 3 is required in order to prove Conjecture 1.
We conclude the paper with a family of digraphs that show that the upper bound in
Conjecture 1 cannot be decreased.
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Example. Dene a family F of k-regular digraphs D = (V; E) of girth g as follows.
The vertex set V =
Sg
i=0 Vi, where the Vi are pair-wise disjoint, jV0j=1 and jVij=k for
all 16i6g. The arc set Ef(u; v) : u2Vi; v2Vi+1g, where addition is taken modulo
g + 1, and the remaining arcs in E may be any set of arcs from Vg to V1 with the
following properties: for each vertex u2Vg, there are exactly k − 1 v's in V1 such
that (u; v)2E, and for each vertex v2V1, there are exactly k − 1 u's in Vg such that
(u; v)2E. It is known [9] that each D2F has the maximum exponent in terms of
diameter. Each D2F has order n=gk+1 and exponent exp(D)=g2 +1= bn=kc2 +1.
Note added in proof. In a recent submitted paper, the rst author improved the bound
in Lemma 6 to n=k + 73.
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